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ABSTRACT

Linear operator on inner product space is including adjoint operator, self adjoint operator, unitary operator, normal
operator ,... (self adjoint operator and unitary operator is normal operator but convers is not true at all) in this paper I discussed
about adjoint operator and self adjoint operator of linear transformation and some important properties.

In this paper first | defined the linear transformation, inner product space, adjoint linear transformation, self adjoint

operator and very important relevant properties and theorem.

Keywords- vector space, linear map, dimension, field, inner product space, operator, orthonormal basis, orthogonal, diagonal,

positive definite.

I.  INTRODUCTION

Definition 1: let V and W be vector spaces over field K ,
A mapping from V to W denoted by T:V - W (1) is
called linear transformation if T hold the following
properties

1. Tu+v)=TW)+Tw) for al wu,vevV
2:T(au) = aT(u) fora € K

Definition 2: Let IV be vector space over field K , an inner
product over vector space V denoted by (,) isa map from
V x V — F satisfy the given properties

1:{u,v) = (u,v), the complex conjugate of (u, v)
Yu,vevlV

2. (u+v,w)=Www)+{v,w) Vuv,w eV

3. (au,v) =alu,v) VuuveVanda € F

4 (u,vy=0vVueVand{u,u)=0u=0
Definition 3: let VV be vector space with inner product (, )
then (V,( )) is called an inner product space, Robert
Messer, [1993]

Theorem: let V', W be finite dimensional inner product
spaceand let T € L(V, W), then there exist a unique linear
map T*:W -V (3) suchthatforallveVandwe W
we have (Tv,w) = (v, T*w).

Definition 4: in (3) T* is called ad joint of T , Axler
sheldon (2015).

Proof: for fixed w € W, we have the function f,,: V - W
defined by F,(v) =(Tv,w) (1) which is a linear
functional on V by reisz representation theorem there
exist a unique u € V such that F,, = (v,u) (2) if we set
u=T"(w) in (2) we have F,(v) = (v,T*w) (3) from
(1), (3) I can write the result bellow

(Tv,w) = (v,T*w) Vv €V ,since u € V is unique, T*
iS unique.

Now | want to show T* is linear.

Let (x,y) € W and (a,B) € K,

(v, T (ax + By)) = (Tv,ax + By) = (Tv, ax) +

(Tv, By) = a(Tv,x) + B(Tv,y) = a{v, T*x) +
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B{v, T*y) = (v,aT*x) + (v, BT*y) = (v, T*(ax +
By)) = (v,aT"x) + (v, fT"y)
Preposition: let V, W be finite dimensional inner product
space over field K then
1:if (S, T) e L(V,W) then (S+ T)* = S* + T* and for
a ek, (aS)* = asS*
2:ifS e L(V,W)then S* = Swhere S*™* =§
3:if S, T € L(V) then (ST)* = T*S*Vikas Bist , Vivek
sahai (2017)
Proof 1: for v € V, w € W and by definition of ad joint
operator we have
v, S+ Tyw)=(S+Tv,w) =(Sv+Tv,w)
= (Sv,w) + (Tv,w)
=(v,S*w) + (v, T*w)
={(v,(§"+THw) = (v, (S + T)*w)
By uniqueness of adjoint mapping we have (S + T)* =
S*+T"
2:if S € L(V, W) then by definition of adjoint mapping,
forveV,weW (S*w,v) = (w,5v) (1) and also
(S*w,v) = (v, S*w) = (Sv,w) = (w,Sv) (2),by (1),
(2) I can write {w,S™*v) = (w,Sv) forallv e V,w e W
,hence §™ = §.
3:for (u,v) €V (u,(ST)*v) = ((ST)u,v) =
(S(Tw),v) = (Tu,S*v) = (u, T*S*v) hence (ST)* =
T*S*.
Preposition: let V, W be finite dimensional inner product
space over field K and let T € L(V,W) if B;,B, be
ordered orthonormal basis of V, W respectively, then the
matrix representation of 7™ with respect to these basis is
the conjugate transpose of the matrix representation of T
with respect to the given basis.
Proof: let B, ={v,,v,,vs, ..v} and B, =
{wy, w,, ws, ..., w, } be ordered orthonormal basis of VV, W
respectively
Let[T; By, B;] = Ajpxn = (a;;) and let Let [T*; By, B;] =
Bixn = (b))
Now (TU]’, Wi) = (ZZL:1 akjWk,Wi) = (al-j) entry of €
Kan
(bl]) = <T*Wj,17i) = <Wj,T17i> = (T'Ul, Wl> = (aij)* =
B = A"ie ([T"; By, B,] = [T; By, B;]")
Preposition: let V, W be finite dimensional inner product
space over K and let T € L(V, W) then Vikas Bist , vivek
Sahai (2017)
1:kerT* = (img T)* and ker T+ = (img T)*
2:V=kerT@imgT andW =img T @kerT"
3:kerT*T =kerT andimg T*'T = img T*
Proof1:letw € (img T)* © (Tv,w) =0 = (v, T*w) =
0VveV T*w =0 (iew € kerT*). Hence (img T)* =
ker T* (1) ,now replace T by T* in (1) we can get
kerT™ = (img T*)* = kerT = (img T*)* =
ker T+ = {(img T*)*} = ker Tt = img T* (2)
Proof 2: note, let V be vector space over field K and let
W be subspace of V and W+ be orthogonal complement
set of W then we can write V. = W@W+* (3)
Now kerT = {v € V:T(v) = 0} is subspace of V and
ker T+ is its orthogonal complement set then by (3) | can

write V = ker T @ ker T+ (4), by (2) and (4) | can get
the result V =kerT @ img T** , by same way | can
write W = imgT ®(img T)* ,(ie img T is subspace of
W ) so by (3) the result follows.
Then by (1) and (4) | canwrite W = img T @ ker T~
Proof 3: let uekerT=>Tw)=0=>T"(Tu) =0=
T*T(u) =0=>u € kerT"T, hence kerT ©
kerT*T (5). If vekerT'T= (T Trv)=0>
(Tv,Tv) = ||ITv||> =0 =>v € ker T, hence kerT'T <
ker T by (5) and (6) | can write the result ker T*T =
ker T
LetweimgT'T=>w=T*T(u) forsomeueV,w=
T*(Tu) > w € img T*, hence img T*T < img T* (6).
dim(img T*) = dim(ker T)* (7). by (2) and also we
have
dim(ker T)* = dimV —dimT (8), by (7) and (8) |
can write
dim(img T*) = dimV — dim(kerT) =
dim(img T*) = dimV — dim(ker T*T)

= dim(img T*) = dim(img T*T) (9)
Hence by (6) and (9) | can write img T*T = img T".

Il. SELF ADJOINT OPERATOR

Let V be inner product space over field K and T € L(V),
we say T is self adjoint if and only if T =T"(T is
Hermitian), Marc Lars Lipson, Seymour
Lipschutz,(2018)

Preposition: let S, T be self adjoint operator on an inner
product space V then we have

a: S + T is self adjoint,

b: ST is self adjoint if and only if ST = TS,

c: T™1 is self adjoint if T is invertible.

Proof:

a: itis given that S and T are self adjoint (ie S* = S and
T =T

(§+T) =S8"+T"=S+T hence the sum of two self
adjoint operator is self adjoint operator.

b: let (ST) be self adjoint operator, | want to show that
ST=TS

since (ST) is self adjoint, | have (ST)* = (ST) (1) and
also (ST)* =T*S* =TS (2), by (1) and (2) I can write
ST = TS the invers is also true.

c: the invers an invertible self adjoint operator is also self
adjoint (T~1)* =T71

Preposition: Let T be self adjoint operator on the finite
dimensional inner product space V(K), then the root of
characteristic ~ polynomial of T are real
Proof: suppose that K = C = (complex number), let 1 be
an eigenvalue of T and v corresponding eigenvector (ie
Tv=2Adv v#0) let 4 be a root of characteristic
polynomial of T , then we have A{v,v)= (iv,v) =
(Tv,v) = (v,Tv) = (v, Av) = Av,v) hence 1 = 1= (ie
Av,v) = Hv,v) = (A=) (v, v) = 0,(v,v) = ||v]|? #

0+.v#0=>1—1=0=>21=21)and 1€ RsoAis real.
If VV is inner product space over R (K = R) then Cr(x) €
R[x], so it is possible that the root of Cr(x) can be
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complex number but now | want to show that all the roots
of Cr(x) are real let B be an orthonormal basis of IV and
T € L(V)andlet [T]g = Asince T is self adjoint operator,
consider A € F™™ as linear operator on the standard
inner product space C™, A is self adjoint operator and
Cr(x) = C,(x) and all root of C,(x) are real, hence the
result follows.

Theorem: A self adjoint operator T on a finite
dimensional inner product space V is orthogonally
diagonalizable, Marc Lars Lipson, Seymour Lipschutz
(2018)

Proof: let (14, 45, 45, ..., A;) € R be eigenvalues of T with
multiplicities my, My, Mg, ..., My, mr(x) = (x —
A)™(x — A,)™2(x — A3)™3 ... (x — A, )™k , by primary
decomposition theorem V = ker(T — A,1)™ @ ker(T —
A D™2 @ Kker(T — A31)™ @ ... @ ker(T — A, )™k since
A; € Rand (T — A,1) is also self adjoint ( (T — A, )" =
T =" =T—Al).

Thus for i =1,2,3,...,k, v; € ker(T — A, 1)™ = (T —
ADv;=0(TFv=0=>Tv=0),= v, €ker(T = A1)
Note that ker(T — A;1)™ =Kker(T —A;1) for i=
1,2,3,...,k then we have
V = ker(T — ;1) @ ker(T — A,1) ® ker(T —

A3D) ® ... ®Kker(T — A D) and dim{ker(T — A;)} =1 -
[Tz = diag(A4, A5, A3, ..., A) so T is diagonalizable.
Note that: let V be finite dimensional inner product space
over K and let T € L(v) be self adjoint operator, then
Preposition

1: T is positive definite if and only if eigenvalue of T are
positive

2: if and only if there is a positive definite operator S €
L(v) suchthatT = SS (ie T = S?)

3: if and only if there is an invertible operator S € L(V)
such that T = S*S Axler Sheldon (2015)

Proof 1 : If 1is an eigenvalue of T then 1 € R

Now Tv = Av = A{v,v) > 0

Conversely: let B = {v,, v5, v3, ... v, } be orthonormal
basis of V consisting of eigenvector of T , itis given that
Tv; = v, for vEV we have v = XL, 4iv; (unlque)

(Tv,v) = (Za Tvl,z a;vj) = (Za/l vl,z a;v;)

n n

A vy, v;) = (Tv,v) > 0

i=1i=

2: consider T =Apy + A0y + A3ps + - +
/‘lkpk ) Al’ > 0 i= 1,2,3, ,k

Note that T = S? ,s0 we can have S = \/A,p; + /1,0, +

JAsps + 4 J A4y and JA; > 0 fori =1,2,3, ...,k so
the result follows.
Convers is obvious from above proof
3: note that {Tv,v) = (S*Sv, v) = (Sv,S*v) = ||Sv||?> =
0, since S is invertible so S =0 hence (Tv, v) = ||Sv||? >
0 = (Tv,v), and T is positive definite.

I11. CONCLOSION

Undoubtedly, many of the discussed spaces in
the fields of engineering are vector spaces, where inner
product spaces and their operators are very important. The
properties discussed in this article can help us in solving
the problems in these spaces.

Adjoint of linear transformation is widely used
in solving systems of linear equations, systems of
differential equations in the fields of engineering and
computer science. In this article, some of its properties
have been researched and investigated, which can help us
in these areas.
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