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ABSTRACT

The primary purpose of this paper is to introduce a new classification of Nano open sets, specifically Nano - open set.
Some results have been established regarding the characterization of these newly generalized sets that serve as the foundation for

the definition of Nano continuous mappings. In addition, the concept of Nano ha-open mappings, continuous functions, and
Nano #,- homeomorphism has been proposed. The investigation of properties related to these functions has yielded some remarks
that have been supported by examples.

Keywords- Nano topological space, Nano # - open set, Nano #,- open set, Nano #,— continuous mapping, Nano h,—
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l. INTRODUCTION

In 2013, Thivagar [5] introduced the concept of
Nano topological space as an approximation space and
boundary region of the universe set U using R be an
equivalence relation. The pair (U, R) is said to be the
approximation space, Where X € U'so,

1 tr (X) = U,epf{R (®): R (®)) € X} is lower
approximation of X with respect to R, where R (%) denotes
the equivalence class determined by X.

2. Up (X) = Uyep{ R (®): R (x) N X+ ¢ } is Upper
approximation of X with respect to R.

3. By (X)= Ug (X) - Ly (X) is boundary region of X with
respect to R.

And he investigated the characteristics of it in [1].

Then, Or (X): {Ua P, Ly (X), UR (X), Br (X)} is
called a Nano topology Complies with the following
axioms:

1.U and ¢ €Dg (X).

2.The union of the elements of any sub collection of
Og (X) is in O (X).

3. The intersection of the elements of any finite sub
collection of Og (X) is in O (X).

The pair (U, Dy (X)) is said to be Nano
topological space (MBS). Thus, every element of Oy (X)
is called Nano- open set (1-0s) and the complement is said
to be Nano closed set (4-cs), the set B = {U, Lr (X), Br
(X)} is the base for 1'DS. [5]

Also he defined Nano o open set(1a. -0s), if ACS
U'such that A € Uint (Cl (4int (A))) so the set of all 4a
-0s is denoted by O (X) and proved theorem every 4 - 0s
in (U, g (X)) is (a -0s) in U. But convers is not need
to be true [5].

In 2013, he introduced the concept of Nano
continuous (4- cont). on U. Where he showed it through
the mapping £ (U, Or (X)) — (V, O’ (Y)) is said to be
Nano continuous on U’ if the inverse image of each “-0s
in V is 1-0s in U [4].

Sankar, P. K. (2019) studied the concept of Nano
totally continuous functions in Nano topological space.[2]

1. PRELIMINARIES
Definition 2.1 [3] A space (U, g (X)) is®DS , let ACU,

then A be Nano h -open (i - 0s) if A € uint (A U O) for
every O non empty - os in U and O # U. The
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complement of (MA - 0s) is Nano A -closed set (A -Cs)
and the set of all MA- os in (U, Ty (X)) is denoted
by BR (X).

We conclusion that the (MA -0s) and (Ma -0s) are
independent.
Theorem 2.2 [3] Every M- 0s A in W'DBS is WA -0s. But the
convers is not necessary to be true.
Definition 2.3 [3] Let £: (U, Br (X)) — (V, O ' (9)) is
said to be Nano # continuous if £ (4)is WA -0s in U
for every M-os A in V and is denoted by (A -cont).
Example 2.4 let £ (U, Bg (X)) = (V, Or (Y)), U=V =
{c.e,d}, U/R ={{c}{e}.{d}} and let X ={c,d}, we get
Or (X) ={ ¢, U, {¢,d}},0f (¥) = b(U) and let Y={c,d},
V/R={{c,e},{d}}, we get Or' (Y) ={ o, U,{d},{c.e}}.
Define the mapping by £(c) = e, £(e) =c, £(d) =d, Thus,
£is WA -cont mapping.
Theorem 2.5 [3] Every k-cont mapping Mh -cont
mapping. But the convers is not necessary to be true.
As the example (2.4) is 1A -cont mapping but it is not «-
cont (because £1({d}) ={d} & g (X)).
Definition 2.6 [3] Consider two Nano topological spaces
(U, Or (X)) and (V, By (4)) and A S U. Next the
mapping £: (U, Or (X)) — (V, Or (Y)) is called Nanoh
- totally continuous (M’ —cont ) if £ (A) is Nano clopen
in U for every WA - 0sin V.
Theorem 2.7 [3]A mapping £ (U, g (X)) — (V, Ty
‘(Y)) is uI'a —cont ,only if £isuI -cont. The Converse
of this theorem is not necessary to be true.
Remark 2.8 The two mappings 1A -cont and MI'aA —cont
are independent mappings.
Definition 2.9[3]A mapping £ (U, Or (X)) - (V,
Or'(Y)), is said to be:
1. Nano A - open mapping (i -OM) if £(A) is MA-0sin
V for every M-0s A in U.
2. Nano # - closed mapping (A -CM ) if £(4A) is Mh -cs
in V for every M-cs A in U,
Definition 2.10 [3] Let £ (U, Og (X)) — (V, O '(Y)) is
said to be a one-one and onto. Then £ is a Nano A -
homeomorphism if and only if £ is both 4A -cont and WA -
OM.

I11.  ON NANO #, - OPEN SETS

Our focus is on explaining the concept of a Nano
h, - open set, examining its properties, and analyzing its
relationes.
Definition 3.1 Let (U, Og (X)) be DS and A a subset of
U. Then A is said to be Nano %, — open set (M#, - 0s) if
A € Uint, (A U O) for every O non empty Nano o— open
set in U, where O = U.
Remarks 3.2
1. A subset A of (U, Dy (X)). If A is uh, - 0s, then the
complement of A is said to be Nano #, — closed set (1A, -
Cs).
2. The family of all Ma, - 0s (A, - cs) subsets of (U,
"Or (X)) will be denoted by kA, O(U, X), (Mh, C(U, X)).

3. A subset A of space (U, g (X)) is said to be Nano
hq — clopen (Mh, - clopen) set if it is both 1A, - 0s and
Wh, -CS Sets.

Example 3.3 Let U={a,b,c,d}, where U/ R ={{a},{b, c}
{d}} and X={a}. So, Br (X) = {o,U,{a}} and B} (X)
={o, U,{a},{b,c.d}}.

We get 'y (X) ={ ¢, U, {a}.{a.b}, {a.c}{ad},
{a,b,c}, {a,b,d},{a,c,d}} and uA, O(U, X) = b(U).

Remark 3.4
1.The indiscrete W'bS. doesn't have open sets of WA, --
type.
2.The collection of all WA, - 0 sets in (U, g (X)) is
denoted by ’bg“ (%) .

Propositions 3.5

1.Every WA - os in any UGS (U, Og (X)) is A, - 0S.
Proof. A subset A of space (U, Oy (X)) and A is MA - 0s
in U, by definition (3.1) we get A € 4int, (AU O) and by
using theorem (Every " - 0s is Ma-0S). Thus, A is MA,, - 05
inU.

2. Every 1 - os in any (U, Og (X)) is 1A, - 0s.

Proof. Let AC U be 1-0s in U, then A is WA - 0s by using
theorem (2.2). Since V WA - 0s is Mh, - 0s from part (1).
Thus, A is WA, - 0S.

3. Every Ma - osinany UGS (U, g (X)) is 1A, - 0s.
Proof. Let ACU be 4a. - 0s, so A = Mint, (A) by using
definition (3.1). Then A is A, - 0s.

Remark 3.6 The converse of the propositions (3.5) is not
necessary to be true. By the example (3.3), we can find
that {c, d} is 1A, -0s but it is not (A - 0s, M — 0s and ha
— 05).

Definition 3.7 A space (U, by (X)) is DS with respect
to X, let AC U is said to be Nanoh, - interior of A
(Minth, (A)) is defined as union of all i, - open subsets
contained in A ,kinth, (A) is the largest Mh, - open
subset of A.

Example 3.8 Let U={ab,cd}, X={ab}, where U/R
={{a}{b. c}{d}}. So, Dr (X)= {9, U.{a},{ab,c},{b,c}},
thenDpe (X) ={ ¢, U,{a},{b,c},{ab,c},{b,c,d}} . Let A=
{a, b} , we get uinh, (A)={a}.

Definition 3.9 A space (U, Dy (X)) is MBS with respect
to X, let AC U. The set of all WA, -cluster points of a
subset A of U'is said to be WA, -closure of A and denoted
by MClh, (A)) and UClh, (A) is the smallest 1A, - ¢s of
A.

Equivalently, UCla, (A) is the intersection of all
Wh, - cs containing A. From the example (3.8), let
A={a,b,c} . Thus uCla, (A)={ab,c}.

Propositions 3.10 The space (U, O (X)), then:

1. MClhg ( Brhy (X)) =Urh, (X°).
2.MClh, (Erhy (X)) =Lrhy (XO).

3. uCla, (Urh, (X))="U.

Proof.

If ¢, U, Erfi, (X), Urh, (X) and Brh, (X) are
Wh, - 0 sets in (U, Og (X)) then o, U, ( Lrh, (X)),

(Urh, (X))¢ and (Brit, (X))° are Mhy, - ¢ sets in (U, g

(X))
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Where (Urfty (X))°=Lafig (X°), (Lafty (X))°=
Ukha (X%) and (Brhy (X)) = Lrhg (X) U Lrhy (X).
1. Byl (X) SUrk, (X) and( Lrh, (X))°N Brh, (X) #
¢, that is cannot contain Brh, (X), (Brft, (X))¢ are non
— empty, that is (Urh, (X))° unless Brh, (X) = ¢ but
(rh, (X)) is Mh,- €S containing Brh, (X). Since
UClhy (Brhg (X)) = (Lrhg (X)), then UClh, ( Brfiy
(X)) = Urhg (X9).
2. (Lrhig (X)) and (Urfr, (X)) cannot contain Lrit, (X),
if Lry (X) = ¢ , Lifiy (X) N (U, (X))°= ¢ , then
Erh, (X) CUrk, (X). In which case, Clh, (Lrhg (X))
= ( Byh, (X)), moreover it (Brh, (X))°and U are Uh, -
c sets containing Ly, (X). Then UClh, (Lxh, (X)) =
Lrh, (XO). ] i
3. Lify (X) € (Lrhy (X)) if Ury (X) € (Urhy (X))
Then Lfty (X)= 0, and Dp® (X) ={ ¢, U, Uphy (X)}, 50
0, U, (Urh, (X))¢areUh, - csets in U .We get U'is Mk, -
¢ set containing Urf, (X).

If Upfty (X) S (Erftg (X))°, then MCla, (Urhy
(X)) = U. If Uph, (X) S (Brh, (X))° then Byh, (X) €
(Urfe (X))° S (Brle (X)) . Since Brhy (X) = ¢.
Therefore, L, (X) = Urity (X) , We get O (X)=1 o,
U, Urh, (X)) and ¢, U,( Uk, (X)) are hh, - C sets in
U, then uClh, (Urh, (X)) =U.

Since U’ is the only h, - cs containing Ugf,
(X), thus UClh, (Urh, (X))=U are both cases.
Definition 3.11 A space (U, Og (X)) is ®DS , let AC U
be Nano n, - exterior ( MExth, (A)) if MEXth, (A)
=uinth, (A°).

From the example (3.8), let A={a}, A® ={b,c,d}.
Thus uéxth, (A) =uinth, ({b,c,d}) ={b,c,d}.
Some of the properties of the sets' exterior are
1. uexth, (U)=¢ ,uExth, (p)="U.
2. n&xth, (A)is h, - open set.
3. uExth, (A)=U\UClh, (A).
Definition 3.12

Let (U, Dr (X)) is DS and AC U. A point x €
U is said to be MA, -limit point of A (M« (A)), if it
satisfies the following assertion:

(VGEDE (X)), (VXxEG=>G N (A—{x}) #
®)

The set of uA,, - limit points of A is said to be the
derived set of A MDA, (A)).
Some of the properties of the derived set are
1. nClh, (A)=(A UUDhK, (A)).
2. Aisun, _csif and only if “Dha, (A)) SA.
3. UDh, (A)) SUCI (A).
Example 3.13

Let U ={2,34}, U/ R ={{2},{3},{4}}and
X={23}. Let A={2,3} ,s0 Ox (X) = { o, U,{2,3}},T>ﬁ°‘
X)={0,U,{2},{3},{4},{2,3},{2,4},{3,4} }, then we get
UDhy (A)=9.
Remark 3.14 If A is a subset of Discreet "[)2“ (X), then

UDhq (A) = .

Theorem 3.15

If A is a singleton subset of T)g“ (X), then uDh,
(A)="Clhg (A) - A.

Proof.

Since A is singleton subset of U’ Either if x € A
and A ={x} then GN (A —{n}) = @. Orif v & A, then
Uhg -05G3n€EGand G N(A—{u}) # @,then €
UDh, (A).But, WDk, (A) S Clh, . We get x € HClh,
(A). But, x €A. when x € MDA, (A). So, MDA, (A) S
UClh, (A) - A ... (1)

If % € uClA, (A)—A,% €MClh, (A)and x &
AV isMh, —o0s G containing x, thus G N 1Cla, (A) #
@ 3 Gn (MClhy (A) {x}* 9 = » € WDh, (A) .
Therefore Clh, (A)— AS UDA, (A) ... (2)

We get from (1) and (2) MDA, (A)=nCla, (A)—A.
Definition 3.16 A subset A of (U, D (X)) the class Dp*
(X) of all intersection topology on A is called a Nano-
subspace of (U, T)ﬁ“ (X)) denoted by 'b;h" (X).
Example3.17 LetU ={2,3,4}, U/R={{2},{3},{4}} and
X={2,3}, then Dr (X) = { ¢, U,{2,3}}, we get Ba® (X) =
{0, U.{2}.{3}.14},{2,3},{2,4},{3.4}}. Since A={23},
thus D' (%) ={ ¢, A.{2},{3}.{2,3}}-

Remark 3.18

Explains the relation between some types of
Nano open sets in 1DS.

1- open set ):} \
Wh - open set — \H‘ha - open set

L~

Figure (1): The relation between some types of Nano
open sets in DS

IV.  uh, - CONTINUITY MAPPING

Definition 4.1 Let £ (U, O (X)) =( V, Og' (Y)) is said
to be Nano#,, - continuous Mapping (#,, -cont) if £1(A)
is Nano 1A, - osin U, for every M- 0sin V.

Example 4.2 Let £ (U, Oy (X)) »(U, Or' (Y)) , let
U={a,b,c}, UR= {{a},{b},{c}}, when X={a,c}, then we
get O (X) = { ¢, U,{a,c}} and ’bﬁ“(X) =Pp(U). and V=
{1,2,4}, V/IR = {{1},{2},{4}} when Y= {1,4}, then we
get O (Y) = {o, V, {1,4}}. Define the mapping by £ (a)
=1, £ (b) =4, £(c) = 2. Therefore, fis 1A, - cont mapping.
Propositions 4.3

1. Every WA - cont mapping is i, - cont mapping.
Proof.

Let £ (U, Dr (X)) =( V, Or' (Y)) be mapping ,
since fisuh - cont, then £ (A) is Mh -0s in U for every
A W-0s in V, By the proposition (3.5 (1)) , we get every
Wh -0sis Uk, - 0s, then £7(A)is mh, - osin U. Hence
fis uh, - cont.

2. Every 1 - cont mapping is A, - cont mapping.
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Proof.

By using the definition of Nano continuous and
by the proposition (3.5(2)), then every 4 - cont mapping
is 1A, cont mapping.

The converse of this proposition is not necessary
to be true.

Example 4.4 Let £ (U, Or (X)) =( V, Or () ,
U={a,b,c,d}, U/R ={{a},{b},{c},{d}} and X={a}.So,
O (X) = {o, U ,{a}} Ok (¥) ={o, U.{a},{b,c.d}} we
get Br(X) ={ ¢ U, f{a} .{ab}.{ac},
{a,d},{a,b,c},{ab,d}, {a,c,d}},"bg“ (X) = P(U) . Let
V={1.23} , VIR={{1},{2} .{3}} and Y={1,3} /Ox (Y)
={ 9, U,{1,3}} .Define the mapping by £ (a) =2, £ (b) = 3,
£(c)=1,thus fis 1h, - cont butitis not (Ma - cont, 1 -
cont) , (because £1({1,3}) ={b,c}¢ B} (X) and Ty (X)).
Definition 4.5 Let (U, g (X)) and (V, Og' (Y)) are two
WDS , then £ (U, O (X)) =(V, Or' (Y)) is called Nano
h, — totally continuous ( MI'h, — cont) mapping if the
inverse image for the all MA, - os in V' is k- clopen set in
U.

Example 4.6

A mapping £ (U, Or (X)) = (V, Or' (Y)). Let U
=V ={a,b,c}, U/R={{a}, {b,c}} when X={a,b}, then Ty
(X) ={ 9, U,{a},{bc}}. Let V/R={{a}, {b},{c}} when
Y={bc}, then Br * (Y) ={ ¢. V.{bc}}and By (P)=
P(V). Define the mapping by £(a)= £(b)= f(c)={a}, thus £
is (MI'h, — cont) mapping.

Proposition 4.7

A mapping £: (U, O (X)) = (V, Or' (Y)), then:
1. Every UI'h, — cont is UI'h —cont.

Proof:

To prove f is UI'h —cont. Let A is MA - 0S. By
using preposition (3.5(1)) (V A - osis i, —0s) and we
get Ais Mh, —o0s. Since £: (U, Or (X)) =(V, O’ (Y)) is
ul'h, -cont. Then £ (A) is Nano clepen in U. Thus, £ is
uI'h-cont.

The convers is not need to be true. By the
following example:

Let £ (U, Or (X)) =( V, O (Y)) and let
V=U={ab,c,d}, U/R ={{a} ,{bcl,{d}} ,when
X={a,b}and we get Or (X) = {o, U,{a}, {b,c,d}}, VIR
={{a}.{b, c}{d}} and X={a}. So, Tx (Y)={¢.U.{a}}
and R () ={p, Us{a} ,{b,c,d}} o' () = B(V).
Define f by identity mapping, then f it is uI'A —cont
mapping but it is not uI'A, — cont mapping.

2. Every W'k, — cont is 1I'- cont.
Proof.

To prove £ is uI'-cont. Let A is 4 - 0S. By using
preposition (3.5 (2)) (V “ - 0s is MA, —0S) and we get A
is Mh, —o0s. Since £ (U, Or (X)) »( V, Ok (Y)) is UTh,
—cont . Then £ (A) is Nano clopen in U. Thus, £ is UI'-
cont.

The convers is not need to be true. By the
following example:

Let £ (U, Or (X)) =( V, Br (Y)) and let
V=U={ab,c}, UR={{a},{b,c}} ,when X={a,b}and we
get Ok (X) = {9, U.{a},{b,c}},V/R={{a},{b},{c}} ,when

y={b,c}, we get Bx " (4) ={ 9, V.{b,c}} and, Br='(Y) =
P(V) . Define fby £(a) =a, £(b) =c, £(c) =b .Then fitis
uI'- cont mapping but it is not ulr'h,-cont
mapping.(because £-1({c}) ={b} is not Nano clopen set).
Remark 4.8 The two mappings 4I'4, — cont and WA, -
cont are independent mappings.

Definition 4.9 A map £ (U, O (X)) =( V, Or' (9)), AS
U, then:

1. Nano A, - open mapping (na, -OM) ,if £(4)is 1A, -
0sin V, forevery Ais M-0sinU .

2. Nano #, -closed map (Mh, -CM), if £(A) is 1A, - csin
V, for every A is M- csiin U.

Examples 4.10

1. From the example (4.2), then ,'Or’" (9) ={ o, V,{1,4}}
and D' () =P(V) , we get £(p) = 0 € " () #(U)=
Ve ’bg"“(‘i) ,f({ac}) ={1,2} € ’bga‘(‘i) Therefore, £is
Wh, - OM.

2. From the example (4.2). Since O (X) = {o, U, {a,c}}
,(Or (X)) ¢ ={ o, U, {b}}.Therefore, £is U, - CM.
Propositions 4.11

A mapping £: (U, Oy (X)) = (V, Or' (Y)), then:
1.£is M-OM, then £ is 1A, - OM.
Proof.

It's an obvious proof.

Converse of this proposition is not necessary to
be true. From the example (4.2) (we get £ is Mh, - OM but
it is not 1-OM).

2. Every W — OM is A, - OM.
Proof.

By using proposition (3.5 (1)).

Definition 4.12 A bijective map £ (U, Or (X)) =( V,
Or' (Y)) is said to be Nanoh, - homeomorphism if £is
Wh, - cont. and £is 1A, - OM .

From the example (4.2) is a bijective map and
since the map is MA, - contand 4h, - OM. Thus, fis uh,, -
homeomorphism.

Proposition 4.13

A map £ (U, Br (X)) =( V, Og' (Y)), then:

1. If £ is - homeomorphism, then it is uh,-
homeomorphism. But the convers is not necessary to be
true.

Proof.

Since (every k- cont is 1, - cont) and (every -
OM is nh, -OM). Thus, fis i, - homeomorphism.

2. Every WA - homeomorphism is M#, - homeomorphism.
But the convers is not necessary to be true.
Proof.

Since (every WA - cont is M#,, - cont) and (every
nh -OM is Uk, - OM) Thus, £ is i, - homeomorphism.
Remark 4.14

Let £ (U, Og (X)) and (V, g’ (Y)) is said to be
Wh, _ homeomorphic if there exist 1A, - homeomorphism
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from (U, g (X)) to (V, O (Y)) is denoted by (U, Tg
(X)) = (V,Or ().

V. CONCLUSION

The main results of this paper are stated as

below:

1. Every W-open set in any WGBS (U, Oy (X)) is 1A, -
open set.

2. Everyuh -open setinany DS (U, g (X)) is WA, -
open set.

3. Every Ma - open set in any WDS (U, Dy (X)) is U/« -
open set.

4. Every uh - cont mapping is 4% - cont mapping.
Every - cont mapping is 4/ - cont mapping.
6. Every 1-OM (Mir -OM) is uh, - OM.

o
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