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ABSTRACT

In this study, we present new and refined forms of Ostrowski-type inequalities for multiplicatively trigonometric convex
functions. The main objective of this research is to derive generalized versions of the classical Ostrowski inequality that are
applicable to this class of functions. This theoretical and analytical study is motivated by the proofs of inequalities for convex
functions. In this work, the properties of multiplicatively trigonometric convexity, together with analytical methods, are employed
to obtain novel and generalized results. Specifically, under the assumption that the absolute value of the derivative is bounded and
satisfies the multiplicatively trigonometric convexity condition, new Ostrowski-type bounds are established. Moreover, by
employing Holder's inequality together with the properties of multiplicatively trigonometric convexity, further refined and
generalized forms of these inequalities are derived. In addition, the resulting integral expressions are shown to be expressible in
terms of the modified Bessel function of order zero, which enhances the analytical interpretation of the main results and facilitates
their use in practical computations. In the final part of this study, we demonstrate the applicability of our results by showing that
Ostrowski-type inequalities can also be used to establish new bounds and relationships among special means of real numbers,
including arithmetic, geometric, harmonic, logarithmic, P-logarithmic, and identric means. The obtained results may find
potential applications in applied mathematics and numerical analysis.

Keywords- Bessel function; Holder's inequality; multiplicatively trigonometric convex functions; Ostrowski inequality;
trigonometric convex functions.

I. INTRODUCTION

One of the most important factors contributing to
the advancement of inequality theory in mathematical
analysis is the concept of convexity, which has been
extensively studied by Niculescu and Persson [2]. With its
analytical and geometric generalizations, various forms of
convexity have emerged in recent years. For instance, the
concept of multiplicative convexity introduced by Ali et

Integral inequalities constitute one of the
fundamental areas of mathematical analysis, investigating
the relationships between the pointwise values of
functions, their integral means, and error bounds. Such
inequalities play a crucial role in numerical analysis and

approximation methods, particularly in evaluating errors
arising from numerical integration processes. One of the
classical and fundamental results in this field is the
Ostrowski inequality, first introduced in 1937 and later
generalized in various directions by researchers such as
Dragomir [1], making it applicable to different classes of
functions.

al.[3] provides a powerful framework for nonlinear
analysis and systems involving multiplicative dynamics.
On the other hand, Kadakal [4] introduced Hermite—
Hadamard-type inequalities for trigonometric convex
functions, which are applicable in modeling phenomena
involving periodic behavior.

Although significant progress has been achieved
independently in these areas, the concept of multiplicative
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trigonometric convexity (MTC) was introduced and
defined in 2025. However, the development of Ostrowski-
type integral inequalities and bounds for this class of
functions has not yet been fully explored, representing an
important research gap in this field. Therefore, by
utilizing the newly defined MTC functions, this study
presents, for the first time, new and generalized versions
of Ostrowski-type integral inequalities with rigorous
proofs. In this work, Holder's inequality and the modified
Bessel function of order zero are employed. Finally, the
obtained results are applied to establish new inequalities
among arithmetic, geometric, harmonic, and logarithmic
special means, demonstrating their theoretical and
practical significance in applied mathematics and
numerical analysis.

IL. METHODOLOGY AND
PRELIMINARIES

This study is entirely based on theoretical and
analytical mathematical approaches, focusing on the
establishment of integral inequalities for multiplicatively
trigonometric convex functions. All results are obtained
through rigorous mathematical reasoning, algebraic
computations, and techniques from the theory of integral
inequalities.

2.1 Research Design

The present work is a theoretical study aimed at
establishing Ostrowski-type integral inequalities for
multiplicatively trigonometric convex functions and
applying the obtained results to different means of real
numbers.

2.2 Materials

The following mathematical concepts are
employed in this paper:
Fundamental concepts of real analysis
Multiplicatively trigonometric convex functions
Integral inequalities
Classical Ostrowski inequality
Modified Bessel function of order zero
Lemma 1. Let ¢:] € R — R be a differentiable mapping
on ]°, where a,b € ] with a < b. If @’ € L[a,b], then the
following equality holds [5].

b

1
0@ —5— [o@ e

a
1

= %f to'(tz + (1 — t)a)dt
- %f te'(¢z + (1 — )b)de

0
Definition 1. Let f:[a,b] > R be a differentiable
function. We say that the derivative of f is bounded
on[a, b] if there exists a constant M > 0 such that
[f(x)'| < M for every x € [a, b][1].

Definition 2. Let ] & R be an interval and let F:[ —
(0,0) be a positive function. Then F is called a
multiplicatively trigonometric convex (MTC) function if
the following inequality holds for every x,y € I and
every t € [0,1] [6].
. (mt Tt
Flex+ (1- 0y) < (FG0)™" ) 0)) ()
or
Inf(tx+ (1 —-1¢t)y)
it it
< sin7 In f(x) +c057 Inf(y)

Theorem 1. Let p > 1 and g > 1 be such that%+%= 1.

If ¢ and O are real-valued functions defined on the
interval [u, v], and |@|P and |6|? are integrable functions
on [u,v], then the following inequality is known as
Hoélder's inequality [7].

f (D)0 (D)ldt

s(j |<p(t)|pdt)”<j |9(t>|4dt>q

Theorem 2 (Ostrowski inequality). Let g : [a,b] - Rbe
a differentiable function on [a,b] with a bounded
derivative, that is|g'(x)| <M ,x € [a,b] Then, for
every x € [a, b], the following inequality holds [8].

1 b
- — t)dt
1960~ 5= | 9@t
- (x —a)? + (b — x)?
- 2(b—a)
Definition 3. The special function defined by the

following integral representation is called the modified
Bessel function of order zero [9].

M

s

1 ;
Ihy(x)= —fe"'sme do
no
2.3 Methodological Framework
First, new and refined forms of Ostrowski-type
integral inequalities for multiplicatively trigonometric
convex functions are established, and their proofs are
developed based on direct arguments and integral
techniques. Subsequently, these results are applied to
different means of real numbers. Moreover, the newly
obtained and improved forms are compared with
previously established results.
2.4 Data Sources
This study does not employ tables, experimental
data, graphs, or statistical databases. All results were
obtained through theoretical analysis and rigorous
mathematical proofs.

III.  FINDINGS

In this section, we present new and refined forms
of  Ostrowski-type integral inequalities for
multiplicatively trigonometric convex functions. In the
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final part, these concepts are applied to special means of
real numbers, which may have broad applications in the
field of numerical analysis.

Theorem 3. Let ¢: ] S R — R be a differentiable mapping
on J°, where a,b € ] with a < b. Suppose that |¢’|is a
multiplicatively trigonometric convex function on [a, b],
¢' € L[a,b], and |¢'| < k for every z € [a, b], where
k = 1. Then the following inequality holds:

b

1
0@ -5 [ e@

- leﬁ(lnk) (z— a)?+ (b— 2)?
-2 b—a

Proof:

1 b
0@ —5— [ 9(©) e

1

%f tp'(tz + (1 — Ha)dt
0
1
- U;%Z)f tp'(tz + (1 - Ob)dt

0

—a)?
<uft|(p’(tz + (1 - ta)lde

£ 5=
0 1
(b - 2)? .
Al — ftho(tz
0
+ (1-t)b)|dt
1
Z_az . Tt mt
= % f tlg'(2)I™2. |g/ (@) |2 dt
0
1
(b —2z)* in Tt mt
Al ftlfp’(Z)IS‘”Z-|<p’(b)|“’szdt
0
1
(z - a)z sin %t cos™
e R
0
1
_ )2 o n
+—U; 2) ft-ks‘"Tt-k“’sTtdt
—a
0
(z — a)? i i T4 s (b—2z)? i
:7‘[t__ksm2+cos2 dt+7jt
b —a b—a
0 0
. sinZf 4 cos I
k 2 2 dt
mt 2 2
if7=x:t=;x:dt=;dx,t—>0$x
—>0,t—>1$x—>g

s

2
2
— (Z_a) fz t_ksint+cost__2dt

b —a T T
0
Iy
2
(b=—2)?% 2 . 2
— | —t-fsmtteost . _qr .....(1
+ b— a fn T @
0
I

Now, we introduce a series of important transformations:

T
sint + cost = 2 sin(t + Z)

asint + bcost = Ja? + b?sin(t + a)

= ksint+cost — k\/fsin (t+zn)
. T
— e\/_z(lnk)sm(t+z)

Considering relation (*), we have:
T

2
11 =fizt' ksint+costdt
T
0

NIE]

4
0
g V2(ink): sin ¢ +5) A
Considering the following transformations, we have:
. L
sin ( t+ Z) <1 i
x/E(lnk)-sin(tJr Z) < V2 (Ink)
ex/f(lnk)~sin(t+4£)S e\/i(lnk),kzl ................. ook

Substituting (***) into (**), we have:
T

4

. T
? £ ex/f(lnk)-sm(t+z)dt

L =

o —0,

T
2
4 vz
< = | t-eV2Unk) ge
7-[2
0
= 2
= evimo AL T vy A LT
7T2 2 0 7'[2 2
_ L
2
= 11 < _16\/5(lnk)
-2
Similarly, I, can be calculated as follows:
3
I, = i t- ksint+costdt
2 n_z
0
T
2
4
0 T
eV mk)'sm(HZ)dt R E

Substituting (***) into (****), we have:
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r i K T
L = % 02 £ - e\/_Z(lnk) Sm(t+4)dt < %foz t-
e Vank) g4
T
- 2
o V2(Ink) . 4 1 2| = e«/f(lnk).i.l.n_
1'[2 2 m? 2 4
zler(znm
2

= ]2 < le\/f(lnk)
-2

Substituting the values of [;and I, into equation (1), we
obtain:

1 b
o) - 5— [ o0 de

a
Y
L 1 et
- b—a2 2
+u.leﬁ(znk)
b—a 2

_ 1 o VECIK) (z— a)2+(b — z)?
2 b —a b—a
- ieﬁ(lnk)[(z_a)z + @ _Z)z]

2 b—a

b
1
SO K GL
a

< 1 ovzamo [(Z o'+ O _Z)Z]
-2 b—a

Theorem 4. Let ¢:JCc R - R be a differentiable
mapping on j° , where a, b € ] with a < b. Suppose that
|@'|? is a multiplicatively trigonometric convex function
on [a,b], and |¢'(t)| < k for every V t € [a, b], where

k > 0. Moreover, letp,q > 1) satisfy the conditionip +

—; = 1.Then the following inequality holds:

b
1
M@———fw@w

T

1 2
<( 1 )p _Zfeqﬁsin(t+%)-lnkdt

p+1 i1

Q0

. (z— a)’+ (b—2z2)?
R
Proof:

b
1
0@ - 5= [0 @2

= (Z:(Z)th-(p'(tz +(1-b a)dt

—(bb:za)zf t-'(tz+ (1—t)b)dt

0

1
(z— )
<2

0

o' (tz+ (1 —t)a)dt

Iy

b -2)? |

+ﬁft.¢ (tz+ (1—-t)b)dt
0

Iz
The term I; is considered as follows:
1

= f t- @' (tz + (1—t)a)|dt
0

1 1
fmwt ]WW
0 0

+ (1-t)al9dt)

S

1

(p%rl)p f l0'(tz + (1— t)al? dt

(p ) .f('¢ (DD (/)T deye

<
1 ’ q sm— qcos—
= (= @' (21 ™ (e’ @I
0
1/ 3
S( il)p fkq sm— chostdt
P 0
Tt T 2
ifx =— =>dx=—=dt = —dx = dt
2 2 T

ifto0=>x-0,t>1=x —>7

QR

=I|N

J kq-sint+q-costdt
0

1
— ( 1 )p EJ- kq(sint+cost) dt
p+1 T

T
sint + cost = v 2 sin (H—Z)
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) 2 % sint 4+ cost = V2 sin (t + g)
1 p 2 i L 1
qV2sin( t+ . 1
= (57) | =) ket da (3 ;
0 :>< 1 )p EJ. kq\/_ZSin(t+%)dt
n 1 p+1 m
e \
_ 1 p E qﬁsin(t+%)-lnk dt n L
“\p+1 n) © 1 2 d
0 1 p[ 2 q\/_Zsin(t+E)-lnk
= ( ) —J. e 4 dt
1 p+1 m
q 0
\/_sm t+ -Ink \ 1
I dt
=1 < p n 1 f \q
- 1 j q\/—sm t+— )lnkdt
Similarly, for (I,, we have: 2 = p + 1 \
1
= f It @'(tz+ (1—t)b)|dt Substituting the values of Ijand I, into the above
expression, we obtain:
1 P/ 1 1
' 0@ - 5= [ w0
fltl"dt fl<p’(tz Tt
0 1
1 q
q

+ (1- )b |7dt) p+1 T

0
[(z=a)* + (b —2)°
[ b—a

L . . si L
Remark1. The integral [? e ¢ VZ-imkesin (£+3) gt can be

S( 1 );/Zfeqﬁsin(t+:)-lnkdt>

q

1 _1
- (p+ 7 flgo (tz + (1— ) b|9 dt

1 % evaluated numerically or expressed in terms of the
5 modified Bessel function of order zero as follows:
gy sin= q cos
S f Cle"(2)19) (l AT Remark 2. If the above integral is expressed in terms of
f the modified Bessel function of order zero, then the
1

E nt nt following inequality holds:
) [l F e mi < Lb

d 0(2)- 57— [ o(e)de
a

<

1
P fkq -sin%t 1
1 \p
) < (757)" (2
1

p+1

1
= [(z —a)? + (b —2)?
Tt . q
-kq.COSTdt IO(CI\/?lle)) [ h—a
Or
fx = 1 5 dx= Tdt > = dx = dt 1
=7 =3 n Xn_ <p(Z)——f p(t)dt
ift—>0=>x—>0,t—>1=>x—>3 a
. 1 1 \»
1 2 4 S( ) (2
Y 1
=( 1 P Ef kq-sint+q-costdt p+ (z—a)z + (b —Z)
p+1 T Io(lnkq‘/_))q
b—a
E: 3 Proof:
1 2 T . i s
_ ( 1 [ 2 I aCsint + cost) ¢ By considering the integral f 2 e a2 ink sin ¢+ %) dt and
p+1 its representation in terms of the modified Bessel function

of order zero, we obtain:
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Modifid Beseel Function Of Order Zero: I, (x) =
lf"ex-sine do
70

eqﬁ-lnk-sin(t+%) dt

i

0
Setting x = qv/2Ink we obtain:

2
J-ex-sin(t+%) dt

0
s
if6 =t+, = do =dt

t5 0200 0o 2"
020> —t> —=>0-> —
2t 4

3

E]

T
2
. s .
> f ex'sm(HI)dt = | eXsindgg
0

A|:|\,'P|

We know that[%,%] c [ 0,] Moreover, if f(x) is a
positive function, then its integral increases when the

interval of integration is enlarged. Since e* s is
positive for all 8 , it follows that:
31

4 b4
f ex-sin9d9< fex-sinede

0

e

31

4

= f e qV2-Ink - sinf de

< eq'ﬁ-lnk-sinede

O —— 3»l§

Moreover, we know that:
_ 1,7 - sind

Iy (x)=—[ e*mdo
s

1 )
Iy (q- V2ink) =;f e VZink:siné gg

0
T

=> -l (q- ﬁlnk) = feqﬁlnk-sine do
0

37
2

N f eq-ﬁ-lnk-sin9d9< ﬂ.[o(q-ﬁlnk)
i

31T

P
. m .
feqﬁ-lnk-sm(t+z)dt—f eq-ﬁ-lnk-sm@ de
0 E
4

T

NIE}

2
:>feqﬁ-lnk-sin(t+%)dt<n-IO(q-\/flnk)
0

Hence, we can write

1 b
0@ —5— [ o(e)de

[

T

<

1

1 2
<( 1 )p Ef eq'\/—Z-lnk-sin(t+%)dt
T \p+1 s

0

(z —a)?+ (b- 2)*
==

() (5o vzma)
[(z=a)? + (b - 2)*
[ b—a

b
1
= |¢(z) —mf¢’(t)dt

1

1 P
e
p+1
1
Io(q - V2 Ink))s
(z—a)?+ (b — z)?
b—a
3.1 Applications to Special Means
In this section, we use the following notations for the
special means of two nonnegative numbers a and b with
b > a.

1. Arithmetic Mean: The arithmetic mean a and b is
defined as follows:

A= A(a,b) =

2. Geometric Mean: The geometric mean of a and b is
defined as follows:

G=G(a,b) =Vab,a,b>0
3. Harmonic Mean: The harmonic mean of a and b is
given as follows:

H=H(a,b)=a+b

4. Logarithmic Mean: The logarithmic mean of @ and b is
defined as follows:

a+b

,a,b=>0

,a,b=>0

b—a
L = L(a,b): {lnb —lna'a ¢b a,b>0
aa=>b

5. P-Logarithmic Mean: The pp p-logarithmic mean of a
and b is defined as follows:
Lp =L, (a,b)

bp+1_ ap+1 1
[m r,a -'/—'b,PE]R—{—].,O}

aa=ba,b>0
6. Identric Mean: The identric mean a and b is defined as
follows:

1 bb 1
I=I(a,b)=g(ﬁ)b—a,a,b>0

These special means have wide applications in numerical
approximation and in numerous other areas of
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mathematics. Moreover, the following simple relations
among these means have been previously established.

H<G<S<L<I<A
It is also known that the L, mean is a monotonically
increasing function with respect to the real parameter p.
In particular, Ly, =1,L_; =L
Proposition 1. Assume that 0 < a < b. Then, for k > 1,
the following inequality holds:
b—a

14" (a,b) — L (a,b)| < ebnk”T

Proof: By setting z = Tb in Theorem 3, and using the

function @(x) = x™ for x € (0, ), we have:
1 b

Theorem3 : ‘(p(z) - —f e(t)dt
b—al,

< om0t 6o o

2 b—a

b b n
o(2) = o(*52) = 5" = (ACa.b)

= A"(a,b)

1 b
mfa @ (t)dt

b 1 tn+1
= thdt = b
b—afa b—an+1"

(bn+1_ an+1)
bn+1_an+1

D ICER)
= (La(a + b))" =Li(a,b)

_ 1
T b-—a)(n +1)

2 2
G-+ -2 (5 -a) +(b-%)
(b —a) - b—a
a+b-2a 2 2b—a-b 2 b—a 2 b—a 2
I G Id v B ow B
b—a b —a
2(b —a)?
__ 4 —a
" bh—-a 2

Substituting these values into the inequality of the
theorem, we obtain:
b—a
= |A"(a,b) — I%(a,b)| < emk'?. —
Proposition 2. Assume that 0 < a < b. Then, for k > 1,
the following inequality holds:

b —a
|A~Y(a,b) — L (a,b)| < e ™ ? . —

Proof: By setting z = % in Theorem 3, and using the
function @(x) = x~* for x € (0, ), we have:

1 b
Theorem3 (p(z)—mf (p(t)dt|
1 Fmk (z— a)? + (b —2)?
- Ze b —a
b !
0@ =9(*5)=(5") =M@n
= A"(a,b)

1 b
mfa @(t)dt

_ 1 fbldt— ! Int|?
“b—al, t _b—anla
_lnb—lna

b —a
_(b-afﬂ
“\Inb — Ilna B

[L(a,b)]™t =L""(a,b)
(Z—a)2 + (b— Z)2 ) (a;rb_ a)Z +(b_aJ2rb)2

a+b£)2:% Zb—a_—b 2 b;abz_ab—_a 2
G Il e I e Bl
b—a . b—a
_ 4 —a
" b—a 2

Substituting these values into the inequality of the

theorem, we obtain:

b—a
= |4"(a,b) — L (a,b)| < e™'*. I
Proposition 3. Let 0 < a < b and suppose that% + -=

1. Then, for k > 0, the following inequality holds:
|A™(a,b) — L (a,b)|

1
<( 1 )5 Ef qx/_lnksm(t+ )dt
T \p+1 ),

b—a
2
Proof: By applying Theorem 4 and using the function
f(x) = x™, we obtain:

1 b
0@ —5— [ o)

l

Theorem4 :

1
1

( f{l— 1)5(_21 eq\/_lnksm(t+ )dt>q
p T Jo

[(Z - a)? (b - z)?
As shown in Proposmon 1, for the function @(x ) = x™,
b+ a
0(2) = ¢(*5—) = 4@

1 b
A L @ (t)dt

1 b
5 —a_fat dt r(a,b)

(z-a)>(b-2)?] b-a
b—a ]_ 2
= |A"(a,b) — L}(a,b)|

1
1

<( 1 )5 Ejfeqﬁlnksin(t+%)dt ‘b-a
- 1% +1 T 0 2

Proposition 4. Let 0 < a < b and suppose that% +-=

1. Then, for k > 0, the following inequality holds:
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At ,b —L1 ,b a+b-2a\2 2b —a -b\2 b -a\2 b-a\2
e )1 ,(ra ! i G I G I & B )

1 v E 2 qﬁlnksin(t+zn) . —a B b—a 2_ b—a
= (p + 1) (nfo ¢ dt 2“’;“) —a

Proof: bh—a 2

1 b Substituting these values into the inequality given in
Theorem4: 19(2) — +— af p(t)dt Remark 2, we obtain:
a

1 = |A”(a,b)—L’}l(a,b)|

1 T
1 2 (2 . n' 4 1 1
< ( ) _J- e qx/?lnksm(t+:) dt ( 1 )p . . 1
o 1 (n | 1 (2-1o(q-VZInk))?

(z—- a)*(b —2)? b—a
b— a 2 1 1
Proposition 6. Let 0 < a < b and suppose that > + ph

IA

Furthermore, by using the function @(x) = i for x €
1. Then, for k > 0, the following inequality holds:

. a+b .
(0, o0) and setting z = — > we obtain: A-(a.b) — L-(a,b)|

(P(X) =x7! L 1 1 1
a+b a + b\~ _ <( )p . . q
(Z)= ( > ):( > ) =A 1(a,b) = D+ 1 (2 Io(q ﬁlnk))
b1 b—a
—f(p(t)dt— —dt=L"(a,b) %.+b
aa t Proof: By setting z = — in Remark2, and using the
(z - a)2 + (b— z)? _b-a function @(x) = x~* for x € (0,0), we obtain:
b— a 2
= |4 (a,b) — L (a,b)| Remark: |QD(Z) - —f (p(t)dt| ( ) (2 Io(q
1
1 T q —a)? _
<( 1 )p Efzeq\/z_lnksin(t+%)dt q. b—a ﬁlnk))q- %}
S\t T Jo 2 For p(x) = x71,
iti iz a+by (a+ b\
Proposition 5. Let 0 < a < b and suppose that > + p 0(z) = ( ) _ ( ) = [A(a, b)]"!
1. Then, for k > 0, the following inequality holds: 2 Z g1 Zb
| 4"(a,b) ~ Li(a,b)| e e
1
1 \p 2 — | (t)dt
<|[—— . . a b—a
_(p+1> (2 Io(q ﬁlnk)) a . b
b —a = —dt = Int|b
) b—al, t b—a
Inb —1
Proof: By setting z = 2 in Remark2, and using the - T
2 b—a
function @(x) = x™ for x € (0, o), we obtain: ( b—a )-1
2 =77——) =L@ n]'=L"a,b)
Remark2: |(p(z) - Lfb o( t)dt| < (;)p (2 . Inb — Ina 5 5
— p+1 a+b a+b
(z— a)2+(b—z) (Z_a)z"‘(b_z)z_(T_a) +(b_ 2 )
Io(q-ﬁlnk)) LG | =g == =T
For p(x) = x™, a+b-2a 2b-a-b b—a b-a
a+b a+b n =( 2 )+( 2 )=(2)+(2)
@(Z)=<p( 5 )=( >—)" = (4@, b)) b—a ] b—a
= A%(a,b) X poa
1 b n+1 = b p = >
- — n — . —
b—a fa o(O)dt = b—a fa thdt = b—a n+1 la Substituting these values into the inequality given in
1 i 1 pntl_gn+1 Remark 2, we obtain:
=— (b " —am = -1 _7-1
G- m+D" R R 7 D) =A@ by =17, bl )
= (Lp(a +b))" =12(a,b) 1 e, o 2
(n b+a ) 2 ! a+b 2 = p + 1 (2 Io(q \/_Zlnk))q
-+ @ -27_(57-0) +(0-57) b
(b —a) B b—a T
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IV.  DISCUSSION

The results of this study demonstrate that new
and refined forms of Ostrowski-type inequalities can be
established based on multiplicatively trigonometric
convexity. In Theorem 3, a new inequality was derived
under the condition that the absolute value of the
derivative is bounded, which represents a new and
generalized form of the classical Ostrowski inequality.
The scientific significance of this result lies in the fact that
classical Ostrowski inequalities generally consider only
the boundedness of the absolute value of the derivative,
whereas in the present study the property of
multiplicatively trigonometric convexity is additionally
incorporated [6].

In Theorem 4, by employing Hélder's inequality
and the properties of multiplicatively trigonometric
convexity, further improved and generalized forms of
Ostrowski-type inequalities have been obtained,
extending the scope of application of the results. This
result has a more general structure compared with
Theorem 3 because the presence of the parameters p and
q allows the inequality to be adapted to various analytical
conditions. This feature increases its significance in the
fields of applied mathematics and numerical analysis [7].
Another important achievement of this study is that, in
Remark 2, the integral is expressed in a simplified form
using the modified Bessel function of order zero, which
enhances the analytical clarity of the main result and
facilitates its use in practical computations. This also
highlights the value of employing special functions in the
analysis of integral inequalities [9].

The application of the obtained results to special
means demonstrates that these inequalities possess not
only theoretical significance but also practical importance
for analyzing the relationships among arithmetic,
geometric, harmonic, logarithmic, P -logarithmic, and
identric means, with potential applications in numerical
analysis.

The results of Propositions 1, 2, 3, 4, 5, and 6
further clarify the applied aspects of this topic. These
findings show that new bounds for special means can be
obtained through Ostrowski-type inequalities, and the
relationships among various means can be expressed
more precisely. This subject holds particular importance
in the theory of inequalities, since special means have
wide applications in numerous branches of mathematical
analysis, numerical methods, and applied sciences.

The classical Ostrowski inequality provides a
bound for the distance between the pointwise value of a
function and its integral mean; however, it does not take
into account the specific structural properties of
convexity. Subsequently, numerous researchers have
presented various forms of Ostrowski-type inequalities
for convex functions [10], S-convex functions [11],
multiplicative convex functions [12], harmonically
convex functions [13], P-convex functions [14], and
trigonometric convex functions [15]. Furthermore, the

concept of multiplicative trigonometric convexity has
recently been employed in the context of Hermite—
Hadamard-type inequalities; however, its application to
Ostrowski-type inequalities has remained limited to date.
To fill this gap, new bounds have been established in this
study. Consequently, these results make a valuable
contribution to addressing the existing scientific gap and
open a new analytical avenue for the advancement of the
theory of integral inequalities.

Compared with existing studies, the main
distinctive feature of the present research is that new
forms of Ostrowski-type inequalities are obtained by
employing the concept of multiplicatively trigonometric
convexity, and these results are subsequently applied to

special means of real numbers. In particular, by taking

x = aTerand using the functions ¢(x) = x™ and ¢(x) =

x~! in Theorem 3, Propositions 1 and 2 are respectively
obtained. Similarly, by applying Theorem 4 with the same

. . b "
functions and setting x = %, Propositions 3 and 4 are

derived. Furthermore, by using Remark 2 with ¢(x) =
x™ and o¢(x) =x7! under the same substitution,
Propositions 5 and 6 are obtained, respectively. These
results have potential applications in the field of
numerical analysis.

Overall, this study represents a significant
advancement in the theory of Ostrowski-type inequalities
and establishes new Ostrowski-type inequalities for
multiplicatively trigonometric convex functions. Through
their application to special means of real numbers, these
results open important avenues in the field of numerical
analysis. Future research could extend Ostrowski-type
inequalities to other generalized convexity structures and
integral inequalities as well

V. CONCLUSION

In this study, new and refined forms of
Ostrowski-type inequalities have been obtained for
multiplicatively trigonometric convex functions. By
employing the properties of  multiplicatively
trigonometric convexity and analytical tools, particularly
Holder's inequality, new bounds have been established to
accurately estimate the difference between the pointwise
value of a function and its integral mean. The obtained
results demonstrate that the concept of multiplicatively
trigonometric convexity provides an effective analytical
framework for the development of Ostrowski-type
inequalities.

The scientific value of this research lies in the
fact that new and refined forms of Ostrowski-type
inequalities have been established based on the concept of
multiplicatively  trigonometric  convexity, thereby
offering new possibilities for the further development of
the theory of integral inequalities.

Furthermore, the results obtained based on
Holder's inequality and the representation of the integral
through the modified Bessel function of order zero
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demonstrate that this framework has not only theoretical
significance but also practical value for computational
applications and numerical analysis. The applications to
special means, including arithmetic, geometric, harmonic,
logarithmic, p-logarithmic, and identric means, indicate
that the obtained inequalities have potential applicability
in various areas of numerical analysis.

This study makes a valuable contribution to the
existing research on convexity and integral inequalities,
demonstrating that the concept of multiplicatively
trigonometric convexity can also be employed to extend
other classical inequalities. Therefore, it is anticipated that
these results will serve as a useful reference for future
research in numerical analysis, integral approximation,
and applied mathematics.

In future studies, similar methods may be
applied to other generalized convexity structures,
fractional integrals, fractional derivatives, and Jensen-
and Simpson-type inequalities. Moreover, further
analytical and numerical aspects of multiplicatively
trigonometric convex functions can be considered as
important and promising research directions for future
investigations.
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